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The diffusion of bubbles in turbulent  flow is cons ide red .  A re la t ion  is found for  the coeff ic ients  
of turbulent  diffusion of bubbles and liquid pa r t i c l e s  of a c a r r i e r  medium.  

When studying the motion of g a s - l i q u i d  flows, in which the gas  phase is p r e s e n t  in Lhe form of bubbles ,  
p rob l ems  of diffusion of the bubbles in turbulent  flow may a r i s e .  Since the dens i ty  of the gas bubbles is d i f -  
f e ren t  from the dens i ty  of the c a r r i e r  medium,  it would be expected that the pulsat ing motion of the bubbles 
and, consequent ly ,  a l so  t he i r  diffusion in turbulent  flow di f fer  from the pulsat ing motion and diffusion of l iquid 
p a r t i c l e s  of the c a r r i e r  med ium.  

A number  of authors  []-3],  inves t iga t ing  the motion and diffusion of pa r t i c l e s  in a turbulent  medium,  have 
cons ide red  cases  of motion of p a r t i c l e s  whose dens i ty  is less  than the dens i ty  of the medium.  It was shown that  
the pulsa t ing  ve loc i t i e s  of these p a r t i c l e s  (bubbles) a r e  g r e a t e r  than the pulsa t ing  ve loc i t i e s  of the c a r r i e r  m e -  
d ium,  but an ana lys i s  of the diffusion p roce s s  of these p a r t i c l e s  has not been under taken.  

In this p r e s e n t  paper ,  we cons ide r  the ra t io  of the coeff ic ients  of diffusion of bubbles and liquid p a r t i c l e s  
of the c a r r i e r  medium in turbulent  flow with c e r t a i n  s impl i fy ing  as sumpt ions .  The case  of low bubble concen-  
t r a t ion  is cons ide red ,  in o r d e r  that the effect  of the bubbles on one another  and on the turbulent  flmv c h a r a c -  
t e r i s t i c s  could be neglec ted .  With this a s sumpt ion ,  it is suff ic ient  to c o n s i d e r  the motion of a single bubble. 

Suppose that an e l emen t  of l iquid, containing bubbles of gas ,  is moving with a ve loc i ty  u(t), In this c a s e ,  
an expel l ing  force  Vgdu/dt acts  on the bubbles,  by the act ion of which a r e l a t ive  motion of the bubble with a 
ve loc i ty  w(t) r e s u l t s .  The equation of motion of the bubble will  have the form 

V ( 9 o + I 9  '),, --~-dw ~ vp dUdt -- F. (1) 

HereV(Po+l/2p) is  the sum of the in t r in s i c  and addit ional  m a s s e s  of the bubble; w = v - u  is  the r e l a t i ve  ve loc -  
i ty; and F is  the d r a g  force  resu l t ing  f rom the r e l a t i ve  motion.  

In the case  of nonsteady motion of a sphe re ,  an in tegra l  t e rm  CBassetforce)  occurs  in the e x p r e s s i o n  for  
the d rag  force ,  which takes into account  the nons tead iness  of the motion; however,  because of the mobi l i ty  of 
the boundary of the bubble,  the vo r t i c i t y  in the boundary l a y e r  is f a r  l e ss  than in the case  of motion of a sol id  
sphe re ,  and the B a s s e t  force obviously  can be neglec ted .  F o r  a bubble of sphe r i ca l  shape moving in a pure 
(without s u r f a c e - a c t i v e  agents)  l iquid,  the e x p r e s s i o n  for  the d r ag  force  [4] 

F = 12~v~ ,  (2) 

co inc ides  well  with the expe r imen ta l  data over  a wide range of Reynolds  numbers ,  de t e rmined  by the s ize  of 
the bubble and the ve loc i ty  of motion [5]. Taking Eq. (2) into cons ide ra t ion ,  the equation of motion can be w r i t -  
ten in the form 

dw du (3) 
dt § AVw = ? d~- 

or ,  for  the absolute  veloci ty  of the bubble,  

dv , du 
a-7- ~- Avv  = ( ; , -  1) -d~- = AVu, (4) 
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Cons ide r i ng  f u r t h e r  the mot ion  of the bubbles in tu rbu len t  flow, we note that  the equat ions  of  mot ion  
should  conta in  a t e r m  of the type vd2ui/dx~, the con t r ibu t ion  of which is s ign i f ican t  only fo r  e l ement s  of liquid 
whose  d i m e n s i o n s  a r e  of the o r d e r  of a m i c r o s c a l e  of tu rbu lence .  Since as the p r o c e s s  of diffusion is d e t e r -  
mined  .by l a r g e - s c a l e  t u rbu lence ,  this t e r m  can be neg lec ted .  

Thus ,  in o r d e r  to d e t e r m i n e  the s t a t i s t i c a l  p r o p e r t i e s  of the tu rbu len t  ve loc i ty  pulsa t ions  of the bubbles ,  
we sha l l  use the l i nea r  Eqs .  (3) and (4), in which u, v,  and w a r e  r andom funct ions .  In o r d e r  to d e t e r m i n e  the 
a m p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c s  which re la te  the s p e c t r a l  c h a r a c t e r i s t i c s  of the ve loc i ty  pulsa t ions  of the 
bubbles  and of the m e d i u m ,  we a s s ign  a ve loc i t y  f o r  the med ium in the f o r m  of a h a r m o n i c  componen t ,  and 
f r o m  Eqs. (3) and (4) we obta in  the c o r r e s p o n d i n g  solut ions  f o r  v(t) and w(t). Squar ing  v(t) and w(t) and a v e r a g -  
ing with r e s p e c t  to t ime ,  we obtain the s q u a r e s  of the modul i  of the a m p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c s :  

;f (o)t 2 = (Y + 1)ut~ + (A~')2 (5) 
(o 2 + (AY) 2 

f o r  the absolu te  ac t /on  of the bubbles and 
~2C0 2 

i[0 (o)i 2 -- t~ 2 + (A~)~ (6) 

f o r  the r e l a t ive  mot ion  of the bubbles .  We sha l l  a s s u m e  f u r t h e r  that  the tu rbu lence  of the c a r r i e r  flow is c h a r -  
a c t e r i z e d  by the L a g r a n g e  t ime c o r r e l a t i o n  

.~ 

The c o r r e s p o n d i n g  e x p r e s s i o n  fo r  the s p e c t r a l  dens i ty ,  defined as  the F o u r i e r  c o s i n e - t r a n s f o r m  of the 

c o r r e l a t i o n  funct ion R(T), has  the f o r m  

E (~) = 2~___.~_~ i R (~) cos ~ u / ~  -= 
2~. 2 (s) 

The e x p r e s s i o n  f o r  the s p e c t r a l  de ns i t y  of the ve loc i ty  pulsa t ions  of the bubbles re la t ive  to a s t a t i o n a r y  s y s t e m  
of coo rd ina t e s  is obtained as the p roduc t  of the s p e c t r a l  dens i ty  E (co) and the squa re  of the modulus  of the a m -  
p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c s  (5) : 

f o r m  

E * ( o )  = 
2crY, [(V + 1) ~t~ + (A~')21 

1 ~T( ~ +to')[~ + (AY) ~ ] 
(9)  

Then the ra t io  of the d i s p e r s i o n s  of  the ve loc i t y  pulsa t ions  of the bubbles and of the med ium will have the 

-~  = - ~  E* (to) dr0 = (~ + 1)~ + AyT (10) 
t~ ~ 1 + A'IT 

0 

It can  be seen  f r o m  f o r m u l a  (10) tha t  in a l iquid with a van i sh ing ly  sma l l  v i s c o s i t y  (A ~ 0) the ra t io  of  the 
d i s p e r s i o n s  i s  equal to (y + 1) z. In the o t h e r  l imi t ing  case  of a l a r g e  v i scos i ty  of  the med ium o r  bubbles  of ve ry  
sma l l  d imens ions  (A - -  oo), this ra t io  tends to unity.  S imi l a r l y  to Eq. (10), we obtain  fo r  the d i s p e r s i o n  of the 

pu l sa t ions  of the r e l a t i v e  ve loc i ty  

ow E* ((o) do -- (11) 
--~ = 1 + AyT-- f f  u ( l  u t.I 

0 

w h e r e  

E~' ((0) = E ((o) Ifo (~)l '- 
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F i g .  1. Dependence  of r a t i o  of the 
t u r b u l e n t  d i f fu s ion  c o e f f i c i e n t s  of 
the bubb les  and of the l iquid p a r t i -  
c l e s  of the c a r r i e r  m e d i u m  on: 1) 
y = 1; 2) 1.5: 3) 2. 

By analogy with the coefficient of turbulent diffusion in single-phase turbulence, defined by Taylor as the 
product of the intensity of the velocity pulsations and the Lagrange scale of turbulence, the coefficient of diffu- 
sion of the bubbles can be written in the form 

D~ = %A* = a~T*, (12) 

w h e r e  T* = A*/~ v is the L a g r a n g e  t ime  s c a l e  of m o t i o n  of the bubb le s .  

In the c a s e  of m o t i o n  of bubbles  in t u r b u l e n t  f low, the d i f fu s ion  p r o c e s s  at  l a r g e  t i m e s  is  d e t e r m i n e d  by 
the v o r t i c e s ,  the d i m e n s i o n s  of which a r e  equa l  to the i n t e g r a l  s c a l e  of t u r b u l e n c e .  But a l though the e x p o n e n -  
t i a l  f o rm  of  the c o r r e l a t i o n  func t ion  (7) i n d i c a t e s  a s t a t i s t i c a l  r e l a t i o n  of the v e l o c i t y  p u l s a t i o n s  of a l l  s c a l e s  
of t u r b u l e n c e ,  i t  wi l l  be a s s u m e d  tha t  the v o r t i c e s  whose  d i m e n s i o n s  a r e  equa l  to the i n t e g r a l  s c a l e  a r e  s t a t i s -  
t i e a l l y i n d e p e n d e n t ,  T h e n t h e  L a g r a n g e  t ime  s c a l e  of the m o t i o n  of the bubb les  is  e q u a l  to t h e i r  t ime  of s t a y  in 
the v o r t e x  of the i n t e g r a l  s c a l e  A fo r  the cond i t i on  that  a f t e r  this  t ime  the d i r e c t i o n  of  m o t i o n  of the v o r t e x  is 
e s s e n t i a l l y  unchanged .  Thus ,  we ob t a in  

A 
T* -- , (13) 

o" w 

\v he r e 

A = cruT. (14) 

S u b s t i t u t i n g  Eq.  (111 in (13) and tak ing  accoun t  of Eq.  (14), we ob ta in  the r a t i o  of  the L a g r a n g e  t ime  s c a l e s  of 
m o t i o n  of the bubbles  and of the medium:  

T* _ | ' r i  -v- A?T (15) 
T ? 

It can be s een  f rom f o r m u l a  (15) that  if A T  > (y~- 1)/y, then the t ime  of s t a y  of a bubble  in the vo r t ex  wi l l  
be g r e a t e r  than the t ime  d u r i n g  which the v o r t e x  is mov ing  p r e d o m i n a n t l y  in one d i r e c t i o n .  In th is  c a s e ,  the 
bubbles  wi l l  p e r f o r m  r andom w a n d e r i n g s  ins ide  l a r g e - s c a l e  v o r t i c e s ,  t r a n s p o r t e d  by the l a t t e r  a long  the flowo 

S u b s t i t u t i n g  E q s .  (10) and (15) in Eq. (12), we ob ta in  the r a t i o  of the d i f fus ion  c o e f f i c i e n t s  of the bubbles  
and of the c a r r i e r  m e d i u m  f o r  A T  < (y~ - 1)/3/: 

D,~ o~T* ._ (? + 1) 2 + A'~T 

D - oaT y]/-t + A?T (16) 

When A T  > (T 2 - 1)/y,  a s s u m i n g  fo r  the t i m e  s c a l e  of the m o t i o n  of the bubbles  the L a g r a n g e  t i m e  s c a l e  of m o -  
t ion of the m e d i u m  T, we obta in  

D,~ o~ (1 '+ 1)2 + At 'T (17) 
D o~ t + AyT  
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It can be seen f rom Eqs. (16) and (17) that the ratio of the diffusion coefficients of the bubbles and of the 
c a r r i e r  medium is g r e a t e r  than unity. In the l imiting cases  AT ~ 0 and AT --  oo, the ratio of the diffusion 
coefficients is equal to (y + 1)2/y and 1, respect ively ,  (Fig. 1). 

Formulas  (10), (11), (16), and (17) are obtained for  the case of the motion of bubbles under the action of 
turbulent  veloci ty  pulsations of the c a r r i e r  medium of all scales [integration in Eqs.  (10) and (11) was car r ied  
out f rom zero to infinity]. However,  the motion of spher ical  bubbles, whose dimensions considerably exceed 
the mic rosca le  of turbulence,  will be determined only by those turbulent velocity pulsations whose scale is 
g r e a t e r  than the dimensions of the bubble. Therefore ,  we shall determine the d ispers ions  of the absolute and 
relative velocity pulsations in this case as 

2 0)~ 
~s~ 1 ~" E* - -  - -  (o )  d o  (1 s )  

2 o J o'u o~, 
0 

and 
(0 o 

2 ~w. _ 1.~ j E* (o) do .  (19) 
a 

Here the upper l imit  of integration ~-0 is the charac te r i s t i c  frequency of the velocity pulsations of the liquid, 
the scale  of which-is equal to the size of the bubble, i.e., 

1 

~00 . . . .  , (20) 

where u~. is the change of the pulsation velocity at a distance X [41; and e is the rate of energy dissipation per 
unit volume, expressed  in t e rms  of the work per unit volume as [61 

3 

~ u  ( 2 1 )  e = 1.65p ~ - .  

Substituting Eq. (21) into Eq. (20), we obtain 
! 

= ( 1.65. , V o o ~ ~ ) ,  (22) 

while f rom relations (18), (19) and (22), using Eqs.  (13) and (14), an express ion  can be obtained for  the diffusion 

coefficients Dn/D. 

If the dimensions of the bubbles are such that the charac te r i s t i c  frequency of the pulsations ~:0 is one 
o rde r  f rom the charac te r i s t i c  turbulence frequency l /T,  and the quantity A is much less than these quantities, 
then the express ions  for  the spec t ra  of the absolute and relative velocity pulsations of the bubbles are s impli-  

fied: 
2(~ + 1)~ 

E*(o)) ~ (23) 

and 

~T + co ~ 

Integrating Eqs.  (23) and (24) f rom zero  to ~0, we obtain 

and 

2 (Yu 

_ 2 ( y +  1) ~ arctgcooT 

02 2y 2 
- -  arctg ooT. 

2 O" u 

(24) 

(25) 

(26) 
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Determining from Eq. (26) the time scale of the motion of the bubbles according to Eq. (13) and taking 

account of Eqs. (22) and (14), we obtain the ratio of the diffusion coefficients for AT < (~-I)/$ in the form 

We note tha t  with a r educ t ion  of the d i m e n s i o n s  of the bubb le s ,  the r a t i o  of the d i f fus ion  c o e f f i c i e n t s  Dn/  
D tends  to (y + 1)2/y j u s t  the s a m e  as  a c c o r d i n g  to f o r m u l a  (I6) .  

Thus ,  the d i f fu s ion  c o e f f i c i e n t  of the bubb les  fo r  de f ined  cond i t i ons  can c o n s i d e r a b l y  exceed  the t u r b u l e n t  
c o e f f i c i e n t  of the l iquid  p a r t i c l e s  of the c a r r i e r  f low.  If the d e n s i t y  of the gas  in the bubble is much l e s s  than 
the d e n s i t y  of the l iqu id ,  then the m a x i m u m  value  of the r a t i o  of the d i f fus ion  c o e f f i c i e n t s  a moun t s  to 4.5 a s  
A T - -  0. 

u (t), v (t), w (t) 
(9" u ,  Cry, (I W 

P 

G 

~, O0 
f ((~'), fo (w) 

E, E*, E~ 

T, T* 
A,  A* 

D n , D 

V 

N O T A T I O N  

a r e  the v e l o c i t i e s  of m e d i u m  and bubbles  (abso lu te  and r e l a t i v e ) ;  
a r e  the i n t e n s i t i e s  of the v e l o c i t y  p u l s a t i o n s  of the m e d i u m  and bubb les  (abso lu te  and r e l a -  
tive}; 
i s  the c o e f f i c i e n t  of k i n e m a t i c  v i s c o s i t y  of the m e d i u m ;  
is the r a d i u s  of the bubble ;  
a r e  the d e n s i t i e s  of the m e d i u m  and of the gas  in the bubbles ;  
a r e  the a m p l i t u d e - f r e q u e n c y  c h a r a c t e r i s t i c s  for  the abso lu t e  and r e l a t i v e  mo t ions  of the 
b u b b l e s :  
a r e  the s p e c t r a l  d e n s i t i e s  of the v e l o c i t y  pu l s a t i ons  of the m e d i u m  and of the bubbles  (ab-  
s o l u t e  and r e l a t i v e ) ;  
a r e  the L a g r a n g e  t ime  s c a l e s  of mot ion  of the m e d i u m  and of the bubb le s ;  
a r e  the i n t e g r a l  s c a l e s  of m o t i o n  of the m e d i u m  and of the bubb les ;  
a r e  the t u rbu l en t  d i f fus ion  c o e f f i c i e n t s  of the bubbles  and l iqu id  p a r t i c l e s  of the c a r r i e r  
m e d i u m ;  
is the a n g u l a r  f r equency ;  
is  the  vo lume  of a bubble .  
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